EINSTEIN HOMOGENEOUS BISYMMETRIC FIBRATIONS 
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Abstract. We consider a homogeneous fibration G/L — ► G/K, with sym- 
metric fiber and base, where G is a compact connected semisimple Lie group 
and L has maximal rank in G. We suppose the base space G/K is isotropy 
irreducible and the fiber K/L is simply connected. We investigate the exis- 
tence of G-invariant Einstein metrics on G/L such that the natural projection 
onto G/K is a Riemannian submersion with totally geodesic fibers. These 
spaces are divided in two types: the fiber K/L is isotropy irreducible or is the 
product of two irreducible symmetric spaces. We classify all the G-invariant 
Einstein metrics with totally geodesic fibers for the first type. For the second 
type, we classify all these metrics when G is an exceptional Lie group. If G is 
a classical Lie group we classify all such metrics which are the orthogonal sum 
of the normal metrics on the fiber and on the base or such that the restriction 
to the fiber is also Einstein. 

1. Introduction 

A Riemannian manifold (M, g) is said to be Einstein if its Ricci curvature sat- 
isfies an equation of the form Ric = Eg, for some constant E. This equation is 
a system of second order partial differential equations, which is in general unman- 
ageable. Fully general results are not known, but many results of existence and 
classification of Einstein metrics are known for some special manifolds. Example of 
this are the Kahler-Einstein ([23]) and the Sasakian-Einstein manifolds ([4]). For a 
homogeneous space the Einstein equation is a system of algebraic equations, which 
is an easier problem than its general version. Due to this, most of the known ex- 
amples of existence or non-existence of Einstein metrics are homogeneous spaces. 
For example, every isotropy irreducible space is clearly an Einstein manifold and 
recently Einstein metrics on homogeneous spaces with exactly two isotropy sum- 
mands were classified by Dickinson and Kerr ([7]). Einstein metrics on spheres and 
projective spaces were classified by Ziller ([24]) and Einstein normal homogeneous 
manifolds were classified by Wang and Ziller ([20]). It is known that every compact 
simply connected homogeneous manifold with dimension less or equal to 11 admits 
a homogeneous Einstein metric ([1], [3], [5], [6], [12], [15]). There are examples in 
dimension 12 which do not admit an Einstein homogeneous metric ([5], [21]). For 
a survey on results for Einstein manifolds, see [18]. Riemannian submersions have 
also been used to construct new Eintein metrics. We recall the work of Jensen on 
principal fibers bundles ([13]) and the work of Wang and Ziller on principal torus 
bundles ([22]). We use some results obtained by the author in [9] about Einstein 
homogeneous fibrations to investigate the existence of Einstein metrics on the total 
space of fibrations whose fiber and base are symmetric spaces. 

Let G be a compact connected semisimple Lie group and L <^ K ^ G connected 
closed non-trivial subgroups, such that G/K is an irreducible symmetric space, 
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K/ L is a simply-connected symmetric space, not necessarily irreducible, and L has 
maximal rank. We consider the homogeneous fibration 

(1.1) M ^ G/L ^ G/K = N with fiber F = K/L. 

Throughout, we call a fibration as above a bisymmetric fibration. We consider 
on M the class of metrics qm such that the natural projection M 3 aL ^ aK e 
iV, a S G, is a Riemannian submersion with totally geodesic fibers. Throughout a 
metric with this property is called an adapted metric (see [9]). The aim of this 
paper is to classify G-invariant Einstein adapted metrics on bisymmetric fibrations. 

Let g, I and [ denote the Lie algebras of G, K and L, respectively. Let $ be the 
Killing form of G and consider the Ad G-invariant symmetric bilinear form given by 
B = — Since G is compact and semisimple, B is positive definite. We consider 
a B-orthogonal decomposition of g given by 

(1.2) g = r© m = I® p ® n, 

where fl = l©m, = {©n and 6 = I © p are reductive decompositions for M, N 
and F, respectively. We consider a B-orthogonal decomposition p = pi ® . . . ® ps 
of p into irreducible Ad L-modulcs. We note that n is an irreducible Ad K-module, 
but not necessarily AdL-irreducible. 

We denote by Bq the restriction of B to some subspace q C g. A metric on M 
defined by an Ad L-invariant Euclidean product on m of the form 

(1-3) 5m = {®l=iKBpJ ® ijB„, Xa, fi>Q 

is an adapted metric. Throughout, we assume the following hypothesis: 

, . pi, . . . ,p<; arc pairwisc incquivalcnt irreducible L-submodules; 

^ ' ' p and n do not contain equivalent Ad L-submodules. 

Under the hypothesis (1.4), any adapted metric on M is determined by an AdL- 
invariant Euclidean product given by (1.3) (see [9]). We denote an adapted metric 
on M by gM, its restriction to the fiber hy gp and its projection onto the base 
space by g^- 

For a bisymmetric fibration as in (1.1), we call (fl,6, 1) a bisymmetric triple 
of maximal rank. The triple (g, J, I) is said to be irrc;(iuc;ibk; is g is simple;. Clearly, 
there is a one-to-one correspondence between bisymmetric fibrations, up to cover, 
and bisymmetric triples. All the bisymmetric triples considered in this paper are 
irreducible and such that [ has maximal rank. 

The classification of isotropy irreducible symmetric spaces is very well known 
and can be found in [10]. By using this classification we obtain a list of all possible 
triples (fl, t, I) such that I and 6 are subalgebras of maximal rank of g and (g, 6) 
and (t, [) are symmetric pairs. In particular, any irreducible bisymmetric triple of 
maximal rank is of Type I or II, where {g, t, I) is said to be of Type I if F = 
K/L is an isotropy irreducible symmetric space and of Type II if F = K/L is 
the direct product of two isotropy irreducible symmetric spaces. A bisymmetric 
fibration M = G/L^G/K = N is said to be of Type I or II if the corresponding 
bisymmetric triple {g, t, I) is either of Type I or II, respectively. We present a list 
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of all irreducible bisymmetric triples of maximal rank. More precisely we will show 
the following result in Section 4: 

Lemma 1.1. An irreducible bisymmetric triple (0,6,1) of maximal rank is either 
of Type I or II. Moreover, all such bisymmetric triples are those in Tables and 4, 
5, 6 and 7. 

We classify all the Einstein adapted metrics for bisymmetric fibrations of type I. 

Since the fiber F for a bisymmetric fibration of type I is an isotropy irreducible sym- 
metric space, any adapted metric qm is determined by an Ad L-invariant Euclidean 
product of the form 

(1.5) 9m = ABp e /iB„. 

A metric of this form is called a binormal metric (sec [9]). Wc remark that the 
fact that the base space N and the base F arc isotropy irreducible does not imply 
that M has only two isotropy submodules. Indeed, the horizontal subspace n is 
Ad i^-irrcducible but is not in general Ac?L-irreduciblc. The particular case of exis- 
tence of G-invariant Einstein metrics when M has exactly two irreducible isotropy 
subspaces was studied by McKenzic Y. Wang and Zillcr, under some assumptions, 
in [21] and, more recently and in full generality, by W. Dickinson and M. M. Kerr 
in [7], who classified all such metrics. For more details on the decomposition of the 
isotropy representation for irreducible bisymmetric fibrations of maximal rank see 
[8]. In Section 4 we prove the following result. 

Theorem 1.2. The bisymmetric fibrations M = G/L — ^ G/K of Type I such 
that M admits an Einstein adapted metric are those in Tables 8 and 9. For each 
case there are exactly two Einstein adapted metrics. Furthermore, these Einstein 
metrics are, up to homothety, given by 

where the two distinct values of X are indicated in the tables mentioned above. In 

all the cases, and gp are also Einstein. 

For bisymmetric fibrations of type II the vertical space p decomposes into two 
irreducible AdL-submodules. Hence, an adapted metric is not necessarily binomial 
(see (1.5)). Moreover, there may exist adapted metrics whose restriction to the fiber 
is not Einstein. Theorems 1.3 and 1.4 classify all the bisymmetric fibrations of type 
II which admit an Einstein binormal metric or an Einstein adapted metric whose 
restriction to the fiber is also Einstein. These results are proved in Section 4. 

Theorem 1.3. The bisymmetric fibrations M = G/L ^ G/K of Type II such that 
M admits an Einstein binormal metric are those listed in Table 10. Furthermore, 
the binormal Einstein metrics are, up to homothety, given by 

gm = Bp(B XBn, 

where X is indicated in Table 10. In all the cases, g^ and gp are also Einstein. 

In particular, if M admits an Einstein binormal metric, then G is a classical Lie 
group. 
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Theorem 1.4. The bisymmetric fibrations M = G/L G/K of Type II such 
that M admits an Einstein adapted metric qm whose restriction qf to the fiber 
F = K/L is also Einstein are 

(i) those with an Einstein binormal metric, given by Theorem 1.3 and Table 10; 

(a) the fibration given by 

(SU2(J+S) , SU2; ® SU2s © K, SU; © SU; © SUg © SUg © M^), 

whose Einstein adapted metric is, up to homothety, given by 

9m = T" ^pi © T" Bp^ © Bn- 

I + s I + s 

The metric in (ii) is binormal if and only ifl = s. 

Furthermore, if M admits an Einstein adapted metric whose restriction to the 
fiber is also Einstein, then G is a classical Lie group. 

According to Theorems 1.3 and 1.4, if G is an exceptional Lie group it does not 
admit an Einstein binormal metric or an Einstein adapted metric which restricts 
to an Einstein metric on the fiber. However, in the exceptional case it is possible 
to classify all the Einstein adapted metrics. In Section 4 we show the following: 

Theorem 1.5. The only bisymmetric fibrations M = G/L ^ G/K of Type II, 
for an exceptional Lie group G, which admit an Einstein adapted metric are those 
listed in Table 12. The Einstein adapted metrics are, up to homothety, given by, 

1 1 

fifm = inrBp, ® — Sp, © B„ 

and approximations for X\, X2 are given in Table 12. These metrics are not 
binormal and the restriction to the fiber is not Einstein. 

Unlike the exceptional case, if G is a classical Lie group, due to the complexity 
of the Einstein equations, we do not present a full classification of Einstein adapted 
metrics for type IL Still it is possible to classify all the Einstein adapted metrics 
for type II if the two eigenvalues 71, 72 of the Casimir operator of ? on pi, p2, 
respectively, satisfy the condition 72 = 71 or 72 = 1 — 71 . This is the case when the 
restriction gp of an Einstein adapted metric gu to the fiber is Einstein (see Section 
2). In particular, this implies that if M admits an Einstein adapted metric gM such 
that gp also Einstein, then we can classify all the other Einstein adapted metrics 
on M. 

We recall that if f/ is a vector subspace of q, the Casimir operator of U is the 
operator 

(1-6) Cu = Y,{adu,f &q{{q), 

i 

where {ui}i is an orthonormal basis of U with respect to The result is as 
follows: 

Theorem 1.6. Let M = G/L ^ G/K be a bisymmetric fibration of Type IL Let 

71, 72 be the eigenvalues of the Casimir operator Ci on pi, p2, respectively. 

Suppose that 72 = 71 or 72 = 1 — 71 . If M admits an Einstein adapted metric gu 
such that gp is not Einstein, then the corresponding bisymmetric triple (0,6,1) is 
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one of the triples in Table 11. The Einstein adapted metrics are, up to homothety, 
given by, 

and Xi, X2 are indicated in Table 11. 

This paper is organized as follows: in Section 2 we state some results about Ein- 
stein adapted metrics on the total space of a homogeneous fibration with symmetric 
fiber. In Section 3 we provide formulae to compute the eigenvalues of Casimir op- 
erators intervenient in the Einstein equations of an adapted metric. We prove all 
the results stated above for bisymmctric fibrations in Section 4. In Section 5, we 
obtain a list of all compact simply-connected 4-symmetric spaces of maximal rank 
which admit an Einstein adapted metric. The results presented in Section 5 are 
a immediate consequence of the results for bisymmctric fibrations proved in this 
paper and the classification of 4-symmetric spaces obtained by Jimenez in [14]. 
Finally, all the tables mentioned in this paper are presented in Section 6. 

2. RiEMANNIAN FIBRATIONS WITH SYMMETRIC FiBER 

Let G be a compact connected semisimple Lie group and L <^ K connected 
closed non-trivial subgroups such that N = G/K is isotropy irreducible and F = 
K/L is a simply-connected symmetric space. We consider the natural fibration 

(2.1) M = G/L G/K = N with fiber F = K/L 

and investigate tlw^ existence of Einstein adapted metrics on M . We use some 
results proved in [9] to deduce conditions for existence of an Einstein adapted metric 
and to describe some special class of Einstein adapted metrics on M, in the case of 
a fibration given by (2.1). We first introduce some notation and recall some useful 
results from [9]. 

Let B = — where $ is the Killing form of G. We recall that since G is compact 
and semisimple, B is positive definite. We consider a B-orthogonal decomposition 

(2.2) 0==[®m=[®p®n 

of Q. We choose (2.2) such that Q = [®m, q — t®n and i = I ® p are reductive 
decompositions for M, N and F, respectively. Since F = K/L is a compact simply- 
connected symmetric space, we consider its DeRham decomposition 

(2.3) K/L = Ki/Li X ... X K^/L,, 

where each Ka is simple. In particular, each Ka/L^ is an irreducible symmetric 
space. By and [„ we denote the Lie algebras of K^ and La, respectively. Let po 
be a symmetric reductive complement of in Hence, we have a decomposition 
of m given by 



(2.4) 



m = pi® ...®ps®n. 
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wliolo each pa is ^c? L-irreducible and n is Arf A"- irreducible. Throughout, we 
assume that hypothesis (1.4) is satisfied, i.e., pi, ...ps are inequivalent AdL- 
submodules and p, n do not contain equivalent L-submodules. 

Under the construction above, any adapted metric qm on M (see Section 1) is 
defined by an Ad L-invariant Euclidean product on m of the form 

(2.5) .9m = (®a=lAa5p J ® M^n, A^, > 0. 

Recall the Casimir operator of a subspace defined by (1.6). Since each is 
simple and n is an irreducible Ad K-module, the Casimir operator of 6 is scalar on 
each ta and on n. Let 7a and ct,n be the corresponding eigenvalues: 

(2.6) Ct|e„=7aM 

(2.7) Ct |n= ct,„Id 

Necessary conditions for existence of Einstein adapted metrics are given as alge- 
braic conditions on the Casimir operators of t and pa. More exactly, we recall the 
following result proved in [9]: 

Theorem 2.1. [9] Let M = G/L G/K ~ N be a homogeneous fibration, for a 
compact connected semisimple Lie group G such that N is isotropy irreducible. If 
M admits an Einstein adapted metric, then there are constants Ai , . . . , > such 
that X^a=i AaC'pa scalar on n, where Cp^ is the Casimir operator ofpa- 

The condition given in Theorem 2.1 is a very useful test for existence of Einstein 
adapted metrics as we shall see in Section 4. In particular, the condition in Theorem 
2.1 is satisfied if the Casimir operators Cp^ are scalar on n. Under this assumption, 
Einstein adapted metrics on M are given by positive solutions of a system of s 
algebraic equations of degree s — 1 with s variables. More precisely we can state 
the following: 

Theorem 2.2. [8, §2.5] Let M = G/L ^ G/K be a homogeneous fibration with 
symmetric fiber F = K/L as in (2.1). Suppose that Cp^ is scalar on n, i.e., 
Cp„ \„=bald, a = l,...,s. 

M admits an Einstein adapted metric if and only if there are positive solutions 
of the following system of s algebraic equations on the unknowns Xi, . . . ,Xs:^ 

2j,XfXa + (1 - 7i)Xa - 2jaXiXl - (1 - 7a)Xi = 0, a = 2, . . . , s 

S 

2j2baXi ...Xa---Xs- 4rXi ...X, + 2^1X^X2 . . .X, + (1 - 71)^2 . . .X, = 0, 
0=1 

where ja is the eigenvalue of Ci on pa, = ^ + ce,n) o-nd C{,n is the eigenvalue 
ofCi on n. To each s-tuple {Xi, . . . ,Xs) corresponds, up to homothety, an adapted 
metric on M given by 

9m = (Bl=i^Bp^®B„. 



Xa means that Xa does not occur in the product. 
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The proof of Theorem 2.2 is out of the scope of this paper and can be found in [8, 
§2.5]. A special class of adapted metrics is the class of binormal metrics. A metric 
is said to be binormal if it is defined by an Ad L-invariant Euclidean product of 
the form 

(2.8) = ABp e nB„. 

Einstein binormal metrics are studied in [9]. We state the following two results 
proved in [9] which we use to describe Einstein binormal metrics when the fiber is 
a symmetric space. 

Theorem 2.3. [9] Let M = G/L — > G/K he a homogeneous fibration, for a com- 
pact connected semisimple Lie group G and L ^ K <^ G connected closed non-trivial 
subgroups of G. Let p = pi (B ■ ■ ■ (B ps be a B -orthogonal decomposition into irre- 
ducible Ad L-submodules and n = rii ® . . . ® n„ be a B-orthogonal decomposition 
into irreducible AdK-submodules. 

(i) If Cp is not scalar on some xij, then there are no Einstein binormal metrics 
on M; 

(a) Suppose that Cp is scalar on each rij, i.e., Cp \„. = Vldn^ ■ Then there is a 

one-to-one correspondence, up to hom,othety, between Einstein binormal metrics on 
M and positive solutions of the following set of quadratic equations on the unknown 
X eR: 

(2.9) <5^(1-X) = 4, i/n>l, 

(2.10) i25[, + Si,)X^ = Si,, tfs>l, 

(2.11) (7a + 2cu) X^-il + 2cE,,) X + (1 - 7„ + 2V) = 0, 

for a,b = 1, . . . ,s and i,j = 1, . . . ,n, where C[^a is the eigenvalue of C[ on pa, Ja 
is the constant determined by 

C(,j is the eigenvalue of Ci on rij and the S's are the differences dlj = Cf^i — c^j, 
5\j = ci,i - cij, Sli^ = 7„ - 76 and = C[,a - C(,6. 

// such a positive solution X exists, then Einstein binormal metrics are, up to 
homothety, defined by 

9m = Bp® XBn. 

Theorem 2.4. [9] Let M = G/L ^ G/K be a homogeneous fibration, for a com- 
pact connected semisimple Lie group G and L ^ K G connected closed non-trivial 
subgroups of G. Suppose F is not isotropy irreducible and that there exists a con- 
stant a such that 

^ oCi |pxp= a*{ Ipxp • 
For a = 1, . . . , s, let ja be the constant determined by 

(2.12) $t |paxp<.= 7a$ Ip.xp,. . 

If for some a,b = 1, . . . , s, ¥^ lb <md there exists on M an Einstein binormal 
metric, then the number \/2a + 1 is a rational. 
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From Theorems 2.3 and 2.4 we deduce the foUowing result for the case when the 
fiber is a symmetric space and the base is isotropy irreducible: 

Corollary 2.5. Let M = G/L ^ G/K he a homogeneous fibration with symmetric 
fiber F = K/L as in (2.1). 

(i) If Cp is not scalar on n or C{ is not scalar on p, then there is no Einstein 
binormal metric on M . 

(a) Suppose that Gp is scalar on n and C{ is scalar on p, i.e., Gp |n= hid and 
Gt |p= 'yid. There is an one-to-one correspondence between Einstein binormal 
metrics on M and positive roots of the quadratic equation 



(2.13) 27^2 - (1 + 2ct,„) X + (1 - 7 + 25) = 0. 

where C{,n is the eigenvalue of Ct on n. If such a positive solution X exists, then 
Einstein binormal metrics are, up to homothety, given by 

9m = Bp® XBn. 

Proof: We first note that the constant 7a defined by (2.12) coincides with the 
eigenvalue of t on ia as defined in (2.6). If F is isotropy irreducible, then Ce is 
scalar on p. Suppose F is not irreducible. Since F is a symmetric space, then 
^ o G[ |pxp= ct^j Ipxp, with a = ^. The number \/2a"+T = \/2 is not a rational. 
Hence, from Theorem 2.4 we conclude that if exists a binormal Einstein metric on 
M, then 71 = . . . = 7^ = 7 for some constant 7, i.e., the Casimir operator of t is 
scalar on p. 

By using Theorem 2.3, the condition that Cp is scalar on n is a necessary con- 
dition for the existence of an Einstein binormal metric. Also, the condition (2.10) 
from Theorem 2.3 is satisfied since for 71 = . . . = 7^, we have i5'(, = (5^^ = 0. Since 
N = G/K is isotropy irreducible, (2.9) is trivial. Finally, the polynomial (2.13) is 
just (2.11) from Theorem 2.3, for C[_a = ^ = 2 n = 1. 

□ 

If both fiber and base arc isotropy irreducible symmetric spaces we obtain the 
following simplification of Corollary 2.5. 

Corollary 2.6. Let M = G/L G/K = N be a homogeneous fibration with 
symmetric fiber F = K/L as in (2.1). Suppose that F and N are irreducible 
symmetric spaces and dim F > I. There exists on M an Einstein adapted metric 
if and only if Gp is scalar on n and A > 0, where 

A = 1-27(1-7 + 26), 

7 is the eigenvalue of Gt on p and b is the eigenvalue of Gp on n. If these 
two conditions are satisfied, then Einstein adapted metrics are, up to homothety, 
determined by 

gm = Bp® XB„ where X = ^ 

27 

Proof: It follows immediately from Corollary 2.5 and from the fact that if A'' is 
a symmetric space, then ct,n = ^■ 

Another special class of Einstein adapted metrics are those whose restriction gp 
to the fiber F is also an Einstein metric. We state the following result from [9]: 
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Theorem 2.7. Let gM be an Einstein adapted m,etric on the homogeneous fibration 
M = G/L ^ G/K = N, such that N is isotropy irreducible, defined by the AdL- 
invariant Euclidean product gm = (®o=i'^o-^Pa) ® M-^n- 
If 9f is also Einstein, then 

(2.14) ^" ^"^ 



for ,a,b=l,...,s, where c„^a is defined by *(Cn-,-) |p„xp„= Cn,o$ Ipaxpa- 
In particular, there exists at most one K-invariant metric gp on F such that gM 
is Einstein. 

Below we obtain a necessary condition for existence of an Einstein adapted met- 
ric with this property in terms of the Casimir operator of 6, when the fiber is a 
symmetric space. 

Corollary 2.8. Let M = G/L G/K = N be a homogeneous fibration with 
symmetric fiber F = K/L as in (2.1). Let 7a be the eigenvalue of Ct on pa and gM 
an adapted metric on M. If gM and gp are both Einstein, then 

la=lb or 7a = 1 - 7b, a, 6 = 1, . . . , s. 

Proof: If F is irreducible, then the statement is trivial. We suppose that F is 
reducible. First we recall that since F is a symmetric space, the Ricci curvature 
of gp is given by Ric^ = where is the Killing form of 6. Therefore, for 
Xepa, 

(2.15) Ric^{X,X) = -i$((X,X) = -i$(QX,X) - -|i$(X,X). 

If gp is Einstein with Einstein constant Ep, then (2.15) implies that ^ = EXa- 
Consequently, we obtain the following relations 

(2.16) ^ = 2i 

Ab 76 

Let Cn^a be the constant defined by $(Cn-, •) |p„xpa= c„,a$ Ipaxpa- Clearly, we 
have 

(2.17) Cn.a = 1 - 7a. 

The identity given by Theorem 2.7, together with (2.16) and (2.17), imply that 

7a ^ 1 - 7b 
76 1 - 7a ' 

Consequently, 7a = 7^ or 7a = 1 - 76- 

□ 

For a homogeneous fibration with symmetric fiber, Einstein binormal metrics 
restrict to an Einstein metric on the fiber: 

Corollary 2.9. Let M = G/L — > G/K be a homogeneous fibration with symmetric 
fiber F = K/L as in (2.1). If there exists on M an Einstein binormal metric gM, 
then gp is Einstein. The converse holds if Ci is scalar on p. 
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Proof: If F is irreducible, then the statement is trivial. We suppose that F is 
reducible. If M admits an Einstein binormal metric gM, then, by Corollary 2.5, Ct 
is scalar on p. Hence, 71 = . . . = 7^ = 7 for some 7. By (2.15) we obtain 

Ric^ = ^Bp 

and, consequently, 5^ is Einstein with Einstein constant Ep = 
Conversely, let gM be any Einstein adapted metric on M as in (2.5). If C{ is 
scalar on p, then 71 = . . . = 7^. Hence, if gp is also Einstein, the equality (2.16) in 
the proof above implies that Ai = . . . = Ag. Therefore, gM is binormal. 

□ 

There might be non-binormal Einstein adapted metrics whose restriction to the 
fiber is still Einstein. The existence of an Einstein adapted metric gM such that 
gp is Einstein implies that the Casimir operator of 6 satisfies one of the condition 
given in Corollary 2.8. If in addition we suppose that F is the direct product of 
only two isotropy irreducible symmetric spaces, the Einstein equations in Theorem 
2.2 can be solved. The result below describes Einstein adapted metrics such that 
gp is also Einstein in this case. 

Corollary 2.10. Let M = G / L G / K be a homogeneous fibration with symmet- 
ric fiber F = K/L as in (2.1). Suppose thatp = pi®p2 is a decomposition ofp into 
Ad L -irreducible submodules and Cp^ \„= bald, for some constants ba, a= 1, 2. Let 
7a be the eigenvalue of C( on pa and C{,n be the eigenvalue of C{ on n. 

If there exists on M an Einstein adapted metric gM such that gp is also Einstein, 
then one of the following cases holds: 

(i) 12 = 7i and A > 0, where 

A = (l + CE,„)2-87i(l-7i + 26). 

// these two conditions are satisfied, then gM is the binormal metric given, up to 
homothety, by 

g^ = Bp® XB„, where X = - 
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(ii) 72 = 1 — 71 and D{'yi) > 0, where 



£l(7i) = 4r2 - 46i7i - 462(1 - 7i) - 27i(l - 7i) 
and T = {^-\- Ci^n). If these two conditions are satisfied, then gM is given, up 
to homothety, by 



gm — T^-Spi ® '^^p2 ® -^n; 
Ai A2 



where 



X. = ^andX. = ''^f^\ 

1 - 71 271 



Proof: Let (?m be an Einstein adapted metric on M associated to the AdL- 
invariant Euclidean product g^ = (®a=i^a-^pa) ® M-^n- 

If the restriction to F is also Einstein then, by Corollary 2.8, cither 72 = 71 or 
72 = 1 — 71. The statement (i), for the case 72 =71, follows from Corollaries 2.5 
and 2.9. In the case 72 = 1 — 71, the equality (2.16) implies that 
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(2.18) r = rV- 

On the other hand, by simpHfying the equations given by Theorem 2.2, an 
adapted Einstein metric on M corresponds to positive solutions of the equations 



(2.19) 271X2X2 + (1 - 71)^2 - 272X1X1 - (1 - 72)Xi = 

(2.20) 261X2 + 262X1 - 4rXiX2 + 271X1^X2 + (1 - 7i)X2 = 

where X^ = for a = 1, 2. By using the identity (2.18), we write 

(2.21) X2 = 7^X1. 

1-71 

We solve the system of equations (2.19) and (2.20) using (2.21) and 72 = 1 — 7i- 
This proves statement (ii). 
□ 

Even under the assumption that the fiber has only two isotropy subspaces, to 

classify all the Einstein adapted metrics is a complicated problem. The Einstein 
equations given by Theorem 2.2 are still unmanageable. Under the conditions 
72 = 71 or 72 = 1 — 71, on the Casimir operator of 6, it is possible to solve these 
equations. Corollaries 2.11 and 2.12 below describe all the Einstein adapted metrics 
on these spaces. Their proofs are similar to the proof of Corollary 2.10 by solving 
the equations given by Theorem 2.2. We omit these two proofs which can be found 
in [8, §2.5]. We note that, in particular, if M admits an Einstein adapted metric 
whose restriction to the fiber is Einstein, then the following two results give all the 
others Einstein adapted metrics on M. 

Corollary 2.11. [8, p. 50] Let M = G/L G/K be a homogeneous fibration with 

symmetric fihcr F = K/ L as in (2.1). Suppose that p = pi ® p2 *s a decomposition 
of p into Ad L -irreducible submodules and Cp^ \n= bald, for some constants ba, 
a = 1,2. Let ja be the eigenvalue of Ct on pa and ct^„ be the eigenvalue of Ct on 
n. 

Suppose that 72 =71, i.e., Ct is scalar on p. If there exists on M an Einstein 
adapted metric gu, then one of the following two cases holds: 

(i) gp is also Einstein and gM is a binormal metric given by Corollary 2.10 (i). 

(ii) D{'-fi) > 0, where 

£)(7i) = 4r2(l - 71) - 271(262 + 1 - 7i)(26i + 1 - 71) 
and ^=1(5+ ce,n) • The metric gM is given, up to homothety, by 

9m = -^Bp, © ^Bp, ©B„, 

Ai A2 

where 



X.= '^ andX. = Ml-l.)^^{l-l^)Di^A. 
271X1 271(262 + 1-71) 

In this second case, gp is not Einstein and gM is not binormal. 
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Corollary 2.12. [8, p. 50] Let M = G/L G/K he a homogeneous fibration with 
symmetric fiber F = K / L as in (2.1). Suppose that p = pi®p2 is a decom,position 
of p into Ad L -irreducible submodules and Cp^ \n= bald, for some constants ba, 
a = 1,2. Let 7a be the eigenvalue of Ct on pa and ct^„ be the eigenvalue of Ct on 
n. 

Suppose that 72 = 1 — 7i- Lf there exists on M an Einstein adapted metric qm, 
then one of the following two cases holds: 

(i) gp is also Einstein and qm is the metric given by Corollary 2.10 (ii). 
(a) -D(7i) > 0, where 

£>(7i) = - 2(262 +7i)(26i + 1-71) 
and r =\{\+ ct^n) ■ The metric gM is given, up to homothety, by 



1 „ 1 

9m = - 

where 



1 2r±./D{^ 
X2 = and Xi = — — 

2X1 2(262+71) 
gM is never binormal and in the second case gp is not Einstein. 

3. The Casimir Operators 

In this section we consider a compact connected semisiniple Lie group G and 
L K G connected closed non-trivial subgroups. We only suppose that L 
and K have maximal rank in G and iV = G/K is isotropy irreducible. Using the 
notation from previous sections, we provide formulae to compute the eigenvalues of 
the Casimir operator of the vertical space p on the horizontal direction n and the 
eigenvalues of the Casimir operator of 6 on the vertical direction p. Also as above, 

p = pi® ...®ps 

is a decomposition of p into Ad L- irreducible submodules. We recall some theory 
of roots of a semisimple Lie group (see [10], [11]). Let f) be a Cartan subalgebra of 
g"-, such that [) C I*', and let TZ be a system of nonzero roots for g'^, with respect 
to f). We have a decomposition of into root subspaces given by 

(3.1) 0^ = f) ® (®aeK0"). 

We consider a standard normalized basis {Ea}a(^Ti of ®aeR0" and the elements 
Ha ~ [Ea,E^a\ G f)- Wc rccall that ^{Ha,h) = a{h), for every h £ \). In 
particular, the length \a\ of a root a £ 7?. in g is defined by ]a]^ = a{Ha) = 
^{Ha, Ha). For every a,(3 G TZ such that a + f3 G TZ, the structure constants are 
the numbers Na,/3 G C defined by 

(3.2) [Ea,E/3]=Na,/3Ea+/3, 

They satisfy the properties 

(3.3) Na,/3 = -Np^a, and N_a,0+a = A^-/3,-c« = Na,0. 
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We identify q with the compact real form generated the by maximal toral sub- 
algebra and by the elements 

(3.4) Xa = -j= and = a e 7^^, 

where 7?.+ C 7?. is a subset of positive roots. We define the subsets of roots 

(3.5) Tli = {a€n:Eo,€ f-} and Tlp^= {a^U: E^^ p^}. 
Since I has maximal rank and 1= I ® p, 

(3.6) p^ aG 7^+ >. 

Moreover, since ^{Ea, E-a) = 1, the bases {Ea}aenf,^ and {E^a}ae'Rp^ of p'^ 
are dual with respect to Consequently, the Casimir operator of p^ may be 
written as 

(3.7) Cpc = ^ adEa,o-dE-ac- 

Also, since 6 has maximal rank and 5 = 6 © n, we have =< Ea : a £ TZ„ >, 
where 



(3.8) nn = {aen: EaErf} = n- 7^{. 

By hypothesis the if-module n is irreducible. If n = (Bjn^ is a decomposition 
of n into irreducible Ad L-submodules, we write 

(3.9) TZ^i ={<l>Gn:E^€ {n^f}. 

We recall that a necessary condition for existence of an Einstein adapted metric 

on M, given by Theorem 2.1, is that there are Ai, . . . , > such that the operator 
J2a=i ^aCpa is scalar on n. The Casimir operator Cp„ is necessarily scalar on the 
irreducible L-submodules n-'. We shall write for this eigenvalue, i.e., 

(3.10) CpJ,.= 6^„M 

Furthermore, the eigenvalue of Cp^ on n-', 6^, must coincide with the eigenvalue 
of Cpc on (n^)"^. Hence, we also have 

(3.11) bi = ^CpcE^,E_^),y<f>€n^o. 

We next prove a formula to compute the eigenvalues 6^. For any roots (/> and a 
let <j) + na, Pa4, < n < qa4,, be the a-series containing (j) (see [10, Chap. Ill §4]). By 
definition, the a-series containing (p is the set of all roots of the form (j) + na where 
n is an integer. For a, <!) gTZ, 

(3.12) = M(i^^a(jy„). 
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Proposition 3.1. Let C n be an irreducible AdL-submodule and (j) G 71^3. For 
a = l,...,s, 

where da,f — 1ct<fi — Pa4> — ^Pa4>Qa4> o-nd (j) + na, Pa,f ^ ^ Qa4> is the a-series 
containing <f). 

Proof: By using (3.11) and (3.7) we obtain the following: 

= Y^aeTZf^ ^([-E-a, [Ea, E^]\, E_^) 
= EaeTCp^ -^«,0*([i^-a,i^<^+a],-E'-0) 
= Zlae7Zp„ ^«,0-^-a,<^+a^(-E0,-E_0) 

Prom (3.3) we have N-a:,4,+a = ^a,<i> and we get 

(3.13) K= Yl <0= E + 

Now let + na, < n < qa(p, be the a-series containing (f). The number 
is given by (3.12). To compute A''^^ ^ we need the (— Q:)-series containing </>. 
Clearly, this series is </> — n'a, where — < J^' < —Pa<t>- Hence, 

(3.14) Nl^^, = = ZP£^^il±M«(^„). 

Replacing (3.12) and (3.14) in (3.13) concludes the proof. 
□ 

Let us consider a decomposition of 6 into its center to and simple ideals ta, for 
a = l,...,i, 

(3.15) « = to®ei®---®6t, 

and let 7a denote the eigenvalue of the Casimir operator of £ on We present 
a formula to compute the eigenvalues 7a 's by making use of dual Coxeter numbers 
(see [2, §V.5],[11, 10.4]). The dual Coxeter number of a simple Lie algebra q is 
the number given by 

(3.16) h*{Q) = 

where a is a long root (see [17]). We may suppose that l)a = f) H ta is a Cartan 
subalgebra of fia and thus a root of to can be viewed as a root for g. Hence we can 
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compare lengths of roots of g with lengths of roots of 6a- So let da be the ratio of 
the square length of a long root for q to that of ta, i.e., 

where a is a long root of q and /3 is a long root of ta- Clearly, = 1 if there 
exists only one length for q or if both g and have two lengths, li Sa I, is 
equal to either 2, if G is of type or 3, if G is of type F4, or G„. We state the 
following result by D. Panyushev which gives a formula to compute the eigenvalue 
of Gf on ta. 

Proposition 3.2. [17] Suppose that q is simple. Then 

where ft* (60) and h*{g) are the dual Coxeter numbers of ta and g, respectively. 

4. BiSYMMETRIC FiBRATIONS 

In this section wc prove Lemma 1.1 of classification of bisymmctric triples and 
show all the other results stated in Section 1 about classification of Einstein adapted 
metrics for bisymmetric fibrations. 

Wc recall that for a bisymmctric fibration M = G/L G/K = N, as intro- 
duced in Section 1 (see (1.1)), the fiber F = K/L is a compact simply-connected 
symmetric space. Therefore, we apply the results from Section 2 to investigate the 
existence of Einstein adapted metrics on M. Furthermore, the eigenvalues 6J 's and 
7a's as in Section 2 are calculated using Propositions 3.1 and 3.2. Their values are 
indicated in Tables 4, 5, 6 and 7 in Section 6 for each irreducible bisymmetric triple 
of maximal rank. Whereas the computation of the 7a's is a straightforward appli- 
cation of Proposition 3.2 together with the Coxeter numbers given in Table 1, the 
computations of the 6^'s are long. These calculations are outlined in [8, Appendix 
A] , where all the essential information is presented. 

4.1. Classification. Wc prove Lemma 1.1 stated in Section 1 which classifies irre- 
ducible bisymmetric triples of maximal rank into type I or II. 

A classification of isotropy irreducible symmetric spaces can be found in [10]. 
By using this wc obtain a list of all possible triples 1) such that g is simple, 
L <^ K are subgroups of maximal rank of G and K/L, G/K are symmetric spaces 
with N = G/K isotropy irreducible and F = K/L simply-connected. 

Proof of Lemma 1.1: By inspection of the classification of symmetric pairs 

(g, t) of compact type in [10] wc obtain that those of maximal rank are the pairs 
in Tables 2 and 3. We obtain the list of all bisymmetric triples by combining all 
possible K^s and L's which make K/L a symmetric space as well. We just need to 
observe that K/L is isotropy irreducible or has two isotropy irreducible submodules. 
We observe that the cases when I is the centralizer of a torus are only the cases 
(e6,soio®R), (e7,e6eK), (so2„,u„), (50„,]Reso„_2), (spn,u„) and (su„,5Upe 
su„-p R). In all the other cases 6 is scmisimple. If t is simple then (6, 1) shall 
be an irreducible symmetric pair, i.e., p is an irreducible AdL-submodule. Thus, 
(g, I, I) is of type I. In the cases where 6 = fii ® M with 61 a simple ideal of I, since 
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we require [ to be of maximal rank, we have I = Ii © M, wliore (i is a subalgebra of 
61 with maximal rank and (6, 1) = {ti, h) is an irreducible symmetric pair. Thus, in 
this case, p = pi is also an irreducible L-invariant subspace and {q, t, I) is of type 1. 
In the cases where 4 = 61 ® £2, with 61 and 82 simple ideals of 6, we have [ = li ® [2, 
where, for i = 1,2, Ij is a subalgebra of fij of maximal rank. Clearly, one of the [^'s 
must be proper as we require that [ is a proper subalgebra of 6. If both [1 ad I2 
are proper, then p = pi ® p2, where pi and p2 are nonzero irreducible [-invariant 
subspaces. Hence, in this case, (g, t, I) is of type II. If exactly one of Ij's coincides 
with 6j, then (6, [) = {tj, Ij) and p = pj, for that j satisfying Ij ^ tj, and once again 
{q, t, [) is of type I. Finally, we have the case of the spaces (su„, BUp © su„_p © K), 
p = 1, . . . ,n — 1. Clearly, [ must be of the form [ = (1 © [2 © R, where [1 and I2 
are maximal rank subalgebras of sUp and 5U„_p, respectively. We obtain a triple of 
type / if exactly one of the [,'s is proper and a triple of type II if both [1 and I2 are 
proper. 
□ 

4.2. Einstein Adapted Metrics for Bisymmetric Triples of Type I. Wo 

prove Theorem 1.2 stated in Section 1. The bisymmetric triples of type I are given 
in Tables 4 and 5 (see Lemma 1.1). 

We recall that for Type I, the vertical isotropy subspace p is an irreducible AdL- 
submodule. Since F = K/L and N = G/K are irreducible symmetric spaces, 
Einstein adapted metrics are given by Corollary 2.6. In particular, any Einstein 
adapted metric is binormal. 

We recall that V is the eigenvalue of Cp on the L- irreducible submodule 

C n (see (3.10)). For each bisymmetric triple, these eigenvalues are indicated in 
Tables 4 and 5 in the column . A necessary condition for existence of an Einstein 
adapted metric, given by Corollary 2.6, is that Cp is scalar on n. Hence, the first 
test for existence of an adapted Einstein metric is to observe if there exists only 
one value b' in the corresponding columns of Tables 4 and 5. If Cp is scalar on n, 
we denote its unique eigenvalue by b as in Corollary 2.6. 

The eigenvalue of the Casimir operator of t on p is denoted by 7 as in Corollary 
2.6. For each bisymmetric triple, these eigenvalues are also indicated in Tables 4 
and 5 in the column 7. 

Proof of Theorem 1.2: By Corollary 2.6, the existence of an adapted Einstein 

metric implies that the Casimir operator of p is scalar on n. By inspection we 
conclude from Tables 4 and 5 that the only spaces satisfying this condition are 
those corresponding to the labels 

A6, A.13, A.21, ^.25, A.2Q A.^l, AM, A.M, A.36, AAl, yl.43, A.46, A.h2, A.53 

A.l for / = |, p even [h = ^), 

A.5 for s = n - p even (6 = 2(i^)> 

A.IO for l = ^,p even (6 = j^^))^ 

A.18 for l = l,p even (6 = ^^), 

A.50 forp= 1 (& = i), 

A.54forp= 1 (6= \). 

For each of these cases, we compute A = 1 — 27(1 — 7 + 26) given by Corollary 
2.6, and the values obtained are as follows 
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A.l 
A.5 
A.6 
A.IO 



A.25 

A. 26 
A31 



4p^+8p-4»+5 ^ f, W„ — I Vi^^ I 



2p+l 
2n-l 



> 

(2n+l)p+n^+l 
, 2 



> 



> 



A13 >0 

^ j^g 3p^ + (3-4n)p+2(n^ + l) 

2(71 + 1)"^ 

106-63p+7p^ > 0, iffp=l,7 

> 



49 
81 



, n — 1 



A.32 
A.34 



A.41 



A.46 
A.50 
yl.52 

A.53 



ii > 

7p^-56p+113 
225 



> 



A.36 i|>0 



< 



A.43 If > 



164-60p+5p^ Q r,-2 4 
324 > p — 41 

— > 
81 " 

I >0,p = 2;-|,p = 4 

1 >0 



A.54 i > 



Finally, we compute X = (see Corollary 2.6) for those cases when A > 0. 

The values of X arc indicated in Table 8. For each case, both gp and qn are 
Einstein because both F and N are isotropy irreducible. 

□ 



Remark 4.1. The triples A. 41 and A. 46, for p = 6, do not admit an Einstein 
adapted metric since A < 0. These are the fibrations 

Eg Eg 



M = 



and 



M = 



SU{8) X SU{2) Er x SU{2) 

Ej E-j 



50(6) X 50(6) X SU{2) 50(12) x SU{2) 
In both cases, the isotropy representation of M has only two irreducible AdL- 
modules, i.e., n is also Ad L- irreducible. Therefore, any G-invariant metric is an 
adapted metric. Hence, from Theorem 1.2, we conclude that M has no G-invariant 
Einstein metrics. This conclusion is also obtained by Dickinson and Kerr in [7]. 



4.3. Einstein Adapted Metrics for Bisymmetric Triples of Type II. We 

prove Theorems 1.3, 1.4, 1.5 and 1.6 stated in Section 1. The bisymmetric triples 
of type 11 are given in Tables 6 and 7 (see Lemma 1.1). 

For a bisymmetric fibration of type II, the fiber F = K/ L is the direct product 
of two irreducible symmetric spaces. Hence, the vertical subspacc p decomposes 
as p = pi + p2, where pj, i = 1,2, are irreducible AdL-modules. Moreover, n is 
an irreducible Ad K -module. According to Theorem 2.1, a necessary condition for 
existence of an Einstein adapted metric is that there exist Ai , A2 > such that the 
operator 



(4.1) 



AiOpi + A2C'p2 is scalar on n. 
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The eigenvalues b^, &2 of Cp-^, Cp^, respeetively, on the Ad L-irreducible submod- 
ules C n (see (3.10)) are given in Tables 6 and 7. By inspection of Tables 6 and 
7 and Theorem 2.1 we immediately conclude the following: 

Lemma 4.2. The only bisymmetric triples satisfying condition (4-1) are the cases 
A. 15, A. 23, A. 33, A42, A 41 and 

A.i forp=2l, n-p=2s, 

A.12 forp=2l, n-p=2s, 

A.16forp=2l, 

A.20 for p=2l, n-p=2s, 

A.2A forp=2l, 

A. 55 forp=l. 

For all other bisymmetric triples of Type II we can conclude that there exists no 
Einstein adapted metric on M . 

Note that for all the triples listed in Lemma 4.2, not only condition (4.1) is 
satisfied, but also Cp^ and Cp^ are scalar on n. Thus Cp is scalar on n as well. We 
write 



(4.2) 



baldn, a = 1,2 and Cp \n= bida, for b = bi + b2, 



following the notation used in prcvioTis sections. We recall that 71, 72 are the 
eigenvalues of the Casimir operator C\ on pi, p2, respectively (see (2.6)). Their 
values are also given in Tables 6 and 7. 

Proof of Theorem 1.3: Einstein binormal metrics arc given by Corollary 2.5. 
First we observe that in order to exist an Einstein binormal metric on M, Cp must 
be scalar on n and C{ must be scalar on p. The triples which satisfy the first 
condition are those listed in Lemma 4.2. Furthermore, C{ is scalar on p if and only 
if 72 = 7i- We conclude from Tables 6 and 7 that the spaces from Lemma 4.2 which 
satisfy the condition 72 = 71 are those listed below: 



4/ 



4L / > 2 



A. 3, for a = I ^ 2p, n - 

AA2, for s = l = 2p,n 

A. 15, for n = 2p, p > 2 

AA6, for p = 21, 71 = 41 

A.20, hv s = l = 2p,n = 41 

A.23, for n = 2p 

A.24, for p = 2l,n = 4l 

In particular, we observe that for this list of spaces, G is classical Lie group. For 

these spaces, Einstein binormal metrics, if exist, are given by positive solutions of 
(2.13) in Corollary 2.5. Since C{,n = |i we simplify (2.13) and conclude that there 
exists an Einstein binormal metric if and only if 



7i = 72 


hi 


62 


1 


1 


1 


2 


8 


8 


2;-i 


I 


I 


41-1 


2(4(-l) 


2(4(-l) 


p-i 


p-1 


p-1 


2p-l 


4(2p-l) 


4(2p-l) 


2;-i 


I 


2i-l 


41-1 


2(4;-i) 


4(4(-l) 


21+1 


I 


I 


41+1 


4(4i+l) 


4(4i+l) 


p+1 


p+1 


p+1 


2p+l 


4(2p+l) 


4(2p+l) 


21+1 


I 


2;+i 


41+1 


4(4J+1) 


4{4l+l) 
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(4.3) A = 1 - 27(1 - 7 + 26) > 0, 

where 7 = 71 = 72 and b is the eigenvalue of Cp on n, i.e., 6 = 61 + 62. In this 
case, the Einstein adapted metrics are given by homotheties of 



g^ = Bp(B XBn, where X 
The values of A are as follows: 

A 



27 



A 



A3 A20 ^g±2m>o 

A15 ^>0 A24 |^>0 
^•16 (4ZV>0 

Except in the case A. 23, there exists an Einstein adapted metric. The values for 

X are indicated in Table 10. Since the base space A'' is isotropy irreducible, qn is 
Einstein. Moreover, it follows from Corollary 2.9 that gp is Einstein. 
□ 

Proof of Theorem I.4: The only cases which may admit an Einstein adapted 

metric gM arc those listed in Lemma 4.2, since they are the only that satisfy the 
necessary condition (4.1). For bisymmetric fibrations of type II, Einstein adapted 
metrics gM such that gp is also Einstein are given by Corollary 2.10. In particular, 
one of the two conditions in Corollary 2.8 must be satisfied. In the first case, 
7 = 71 =72, the Einstein adapted metrics with this property are binormal. Einstein 
binormal metrics are given by Theorem 1.3 and listed in Table 10. In the second 
case, we have 72 = 1 ~ 71 and these metrics arc described by (ii) in Corollary 2.10. 
This case is possible only for the triple A. 3 when p = 21 and n — p = 2s. In this 
case 71 = 72 = = 1 - 71, 61 = ^ and 62 = ^ = Note that on 

the formula for D, in Corollary 2.10, r = ^ since TV is a symmetric space. Using 
Corollary 2.10, we obtain D{'ji) = and thus Xi = i±f, X2 = 
□ 

Proof of Theorem 1.5: It follows from Lemma 4.2 that the only cases of 
Type II with g exceptional wich may admit an Einstein adapted metric arc the 
cases A. 55 for p = 1, A. 33, A. 47 and A. 42. We recall that for each of these spaces 
any Einstein adapted metric is of the form 

where Xi and X2 are positive solutions of the system of equations given in Theorem 
2.2 which are as follows: 



(4.4) 271^2X2 + (1 - 71)^2 - 272X1X2 - (1 - 72)Xi = 0, 

(4.5) 261X2 + 262X1 - 2X1X2 + 271X^X2 + (1 - 7i)X2 = 0. 
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Also we recall that the eigenvalues bi and ji, for i — 1,2, can be found in Table 6. 
We explain briefly how to obtain solutions of these equations for each case. Most of 
the calculations are performed with Maple and we omit the details. This proof can 
be found in more detail in [8, §3.4]. For each case, the solution is given as follows: 
Xi = a, X2 = f{ot), where / is a polynomial with degree 3 and a is a root of a 
polynomial t with degree 4. Hence, the number of Einstein adapted metrics is the 
number of positive roots a oit such that f{a) > 0. We indicate the polynomials / 
and t for each case and the number of Einstein adapted metrics. Approximations 
of the solutions are given in Table 12. For exact solutions see [8, §3.4]. 

A33) /(a) = -|a3 + 12a2-^a + 19 

t{z) = eSz-* - 432z3 + 1088^2 - 1224^ + 513 
2 Einstein adapted metrics 

A55) /(a) = -lf6a3+ 552^2_ 571^^ 176 

t{z) = 234z4 - 828z3 + 993^2 - 474^ + 77 
4 Einstein adapted metrics 

AA7, for p=2) f{a) = -^a^ + U8a^ - §fa + ^ 

t{z) = ihQz'^ - 1110^3 + 1179^2 - 492z + 69 
4 Einstein adapted metrics 

A.47, for p=4) /(a) = -^a^ + lOOaf - 262^. + 26 

t{z) = 200^^ - 600^3 + 614^2 _ 264^ + 39 
2 Einstein adapted metrics 

^.47, for p=6) /(a) = -^z^ + 820^^ _ 235^ + 24 

t{z) = 1250^4 - 1230z3 + 415^2 -60^ + 3 
2 Einstein adapted metrics 

AA2) t{z) = 9z-* - 195z3 + 1198^2 - 1395^ + 464 has no positive roots 

No Einstein adapted metrics 

□ 

Proof of Theorem 1.6: This an application of Corollaries 2.11 and 2.12. The 
only case when 72 = 1 — 71 is A. 3, for p = 21 and n = 2{l + s). For this case, 
we have 71 = ^, 72 = ^, hi = = ^ and 62 = = Since the 

restriction to the fiber gp is not Einstein, the required metric is given by Corollary 
2.12 (ii). A simple calculation show that .0(71) = —^71(1 — 71) < 0, for every /, s, 
since < 71 < 1. Hence, in this case there are no other Einstein adapted metrics 
besides those found previously. 

The cases such that 72 = 71 are those listed in the proof of Theorem 1.3. In this 
case, there exists an Einstein adapted metric such that is not Einstein if and 
only if £'(71) > 0, where 



D(7i) = 4r2(l - 71) - 271(262 + 1 - 7i)(26i + 1 - 7i), 
according to Corollary 2.11 (ii). Since N = G/K is a. symmetric space, r = ^. 
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A.3, s = l = 2p,n = Al) -y^ = i, 61 = 62 = | 

D{li) = i(-7i + 47i - 671 + 2) < 
No metric 

A15, n = 2p,p>2 = 61 = &2 = ^ 

^(71) = hi-ll + 47? - 671 + 2) > iffp = 2, . . . ,6 
2 metrics for p = 2, . . . , 6 

A23,n = 2p) ^^ = |±]_^5i=62 = ^ 

^(71) = |(-7i + 471 - 671 + 2) < 0, Vp 
No metric 

A.12, s = l = 2p>2,n = Al) 71 = f^i, 61 = 62 = 5^ = 

^(71) = -5(71 - l)(37i - l)(37i - 2) < 0, 
No metric 

^ — 2i-l U — I — 1-71 U _ 2i-l _ 71 
'1 ~ 4J-1' "1 2(4i-l) ~ 4 ' "2 4(4i-l) 4 

£)(7i) = i(l - 7i)(372 - 671 + 2) > iff / = 1 
2 metrics for Z = 1 

^/ — I _ 1-71 

71 - 4I+T' Ol - 02 - 4(4i+i) - -g- 

D (71) = 1(1 - 71) (257? - 2571 + 8) > 0, W 
2 metrics for , Ml 

^, - 21+1 u i 1^ u _ 2;+i _ 71 

'1 4;+l' "1 4(4J+1) 8 ' "2 4(4;+l) 4 

£'(71) = 3(1 - 7i)(57i - IO71 + 4) > 0, iff Z > 3 
2 metrics for Z > 3 

For each case, wc calculate Xi, X2 according to the formulas given by Corollaries 
2.11 and 2.12. These values are indicated in Table 11. 
□ 

5. Application to 4-symmetric Spaces 

A homogeneous space G/L is said to be a 4-symmetric space if there exists 
a e Aut{G) such that 

(G,)o CLcGa 

and a has order 4. Compact simply connected irreducible 4-symmetric spaces 
have been classified by J.A.Jimenez in [14] following the previous work of V.Kac 
(see e.g. [10], Chap.X), J. A Wolf and A.Gray [19]. It is shown in [14] that any 
compact simply connected irreducible 4-symmetric space is the total space of a fiber 
bundle whose fiber and base space are symmetric spaces and the base is an isotropy 
irreducible space of maximal rank. These spaces are fully described in Tables III, IV 
and V in [14]. Hence, for each compact simply connected irreducible 4-symmetric 
space M = G/L there is a bisymmetric fibration M = G/L ^ G/K = N such 



^.16, p=2Z, n = 4Z) 



A.20, s = l = 2p,n = 41) 



A.24, p = 2l,n = 4Z) 
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that N is isotropy irreducible and K has maximal rank. Therefore, we can apply 
the results obtained in previous sections. We recall that the bisynimctric fibrations 
M = G/L ^ G/K = N considered in this paper are such that L has maximal 
rank. This allow us to take conclusions for 4-symmetric spaces of maximal rank. 
The bisymmetric triples (0,6,1) corresponding to 4-symmetric spaces of maximal 
rank must be some of Tables 4, 5, 6 and 7. Each of these tables contains a column 
which indicates if the space is a 4-symmetric space. Hence, a simple comparison 
between the Tables in this paper and the classification in [14] allow us to easily 
conclude about the existence of Einstein metrics on 4-symmetric spaces. 

Corollary 5.1. Let M = G/L G/K be a bisymmetric fibration such that M 
is a compact simply- connected irreducible A-symmetric space (of maximal rank). If 
M admits an Einstein adapted metric, then the corresponding bisymmetric triple 
(fl,6, 1) is one of the triples in Tables 8, 9, 10, 11 and 12. 
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6. Tables 
Table 1. Dual Coxeter Numbers 



Coxeter group 


Dual Coxeter number 




n+ 1 


Bn 


2n- 1 


Cn 


n+ 1 


Dn 


2n - 2 


Ee 


12 


Er 


18 


Es 


30 


Fa 


9 


Ga 


4 



Table 2. Symmetric pairs of compact type of maximal rank - 
Exceptional Spaces 






e 





e 


f4 




SU2 




Stls 


f4 


S09 




£7 


£6 eK 


02 


SU2 a 


) 0U2 


£7 


S012 © SU2 


26 


SOlO 


SIR 


£8 


SO 16 




SU6 a 


) SU2 


£8 


£7 © SU2 



Table 3. Symmetric pairs of compact type of maximal rank - 
Classical Spaces 






e 


S02n 


Un 




so„ 


S02p 


© S0„-2p 


Spn 


Un 




Spn 


Spp € 


) Spn— p 


su„ 


sup a 


) su„-p © M 



FATIMA ARAUJO 

Table 4. Bisymmetric triples of type I and their eigenvalues - 
Exceptional spaces 








e 


( 


7 


6^ 


A.25 


u 


SOg 


fiOp © S09_p, p = 1, 3, 5, 7 


7 
9 


p(9-p) 
72 


A.26 


u 


Bps e SU2 


Sp3 ©R 


2 
9 


1 

18 




A.27 






U3 © SU2 


4 
9 


1 2 
4' 9 




A.28 






ep2 © SU2 © SU2 


4 
9 


1 1 
9' 18 




A.31 


02 


SU2 © SU2 


M©SU2 


1 
2 


1 
8 




A.32 






fiU2 ©IR 


1 

g 


1 
6 




A.34 


es 


SOIS 


S02p © S0lS-2p, p = 1, . . . , 4 


5 


p(8-p) 
SO 




A.35 






Us 


1 


4 3 7 
16' 16' 16 




A.36 


es 


C7 © SU2 


er ©R 


U 


1 

SO 




A.37 






es © R © SU2 


3 
5 


ii JL 

60 ' 20 




A. 39 






S0l2 © SU2 © SU2 


3 
5 


4 1 
IB' 5 




AAl 






"ilia ff) <ilio 


3 
5 


1 
4 




AA3 


er 


S012 © SU2 


S012 ©R 


1 
9 


1 

36 




A.U 






U6 © SU2 


5 
9 


1 5 
6 ' 18 




AA6 






SOp © © SU2, p = 2,4,6 


5 
9 


p(12-p) 
144 




A.48 


67 


C6 ffiK 


solo © R © R 


2 
3 


2 14 

9' 6' 9 




A.49 






sue © SU2 © R 


2 
3 


5 2 
18 ' 9 














h P = 


1 


A.50 


67 


SU8 


stij, © SU8-P © R, 1 < p < 4 


4 
9 


hh p = 

9' 3' P 
9 ' 9 ' 3S ' P 


2 

3 
4 


A.51 


es 


solo © K 


us ©R 


2 
3 


6 11 
12' S' 4 




A.52 






SOp © soio-p © R, p = 2, 4 


2 
3 


p(lO-p) 
9S 




A.53 




sue © SU2 


sue ©R 


1 

6 


1 

24 




A.54 






Slip © SUs-p © R © SU2 


1 
2 


p+2 p 
24 ' 8 





Table 5. Bisymmetric triples of type I and their eigenvalues - Classical spaces 








t 


[ 




7 




,1.1 


£iU,, 


5U,, 511,, E 


su, su,, , 3: 


-.11,, „'"-E 






AA 
A.5 

,1.6 




<ii(lo 1 1 ffi cirin/ \ n — n T7 1 

^^2p+l "37 ^^2(n— p) ^ y — . . . , *t ± 


^^2/+l *3^^^2(p— t) "S 
S02p+1 © S02s © SO 

S02,, 1 1 'I- U„ 


) S02(n— p) 


2p-l 


p-l 4(+l 


2n-l 

2(n-p-l) 


2n-l' 4(2n-l) 
n—p—s s 






2(n— p— s) 


2ri-l 
2(n-,)-l) 


2n-l ' 2n-l 

n — p — 1 












A.9 


fi02n 


Un 


Up © tl„-p, p = 1,. 


. . , n — 1 


n 


n—p p n— 2 


2(n-l) 


2(n-l) ' 2(n-l) ' 4(n-l) 


A.IO 
A.13 


fi02n 


S02p efi02(„_p), p = 1,..., Lf J 


S02( © S02(p_i) © S 
Up © S02(„_p) 


f2(n-p) 


p-1 
»-l 
p-1 
n-1 


p-l I 
2(n-l) ' 2{n-l) 
p-1 
4(n-l) 


A.17 


Spn 


Un 


Up © U„-p, p = 1,. 


. . , n — 1 


n 


n — p n — p p p n+2 


2{n + l) 


2(n+l) ' n+l ' 2(n+l) ' n + 1' 2{n+l) 


A.IS 
A.21 




Spp e SPn-p 


Spl ©Spp_( ©Spn- 
Up © Spn— p 


p 


P+1 
n+1 

P+1 
n+1 


P-! I 
4(n+l) ' 4{n + l) 
p+1 
4(n+l) 



Table 6. 



Bisymmetric triples of type II and their eigenvalues - Exceptional spaces 








1 


[ 


71 


72 




"2 


A. 29 
A. 30 


u 


Sp3 © SU2 


U3 ©K 

SU2 © Sp2 © K 


9 

4 
9 


9 
2 
9 


(if) 
(9' Ts) 


l8 
1 

18 


A.Hli 




5112 5U2 




1 


1 
1) 


1 


1 
(1 


A. 38 
AAO 
AA2 


es 


67 © SU2 


66 © K © M 
fi0l2 © BU2 © K 

fills ©K 


3 
5 
3 
5 
3 
5 


1 

15 
1 

15 
1 

15 


(-11 11 9 \ 
V 60 ' 60 ' 20 / 

C- -) 

V 15 ' 5 / 
1 

4 


1 

60 

1 

(iO 
1 

(iO 


A. 45 
AA7 


er 


S012 © SU2 


U6 ©K 

sOp © S012-P © K, p even 


5 
9 

5 
9 


1 
9 

1 
9 


V 18 ' 6 ' 18 / 
1 

36 


1 

36 
p{12-p) 
144 


A. 55 


ee 


Stl6 © SU2 


Slip © sti6-p © ]R © IR 


1 
2 


1 
6 


1 

24 


P+2 p 
24 ' 8 



> 



Table 7. Bisymmetric triples of type II and their eigenvalues - Classical spaces 





3 « [ 


71 


72 


6f 


"2 


A. 3 


S\ln fitlj, © Sll„_p © M fiUi ©SUj,_i ©SUa ©Sll„-p-3 ©M©M©R 


£ 

n 


n—p 
n 


(p-l I \ 

V 2n ' 2n/ 


(n-p-s 3 \ 
\ 2n ^ 2n) 


A.S 
A.7 


S02n+1 fi02p+l © S02(„_p) fi02i+l © S02(p_() © S02s © ■602(n-p-s) 

S02i+1 © S02(p-l) © Un-p 


2p-l 


2(n-p-l) 


( p-l Al+1 \ 


/n—p—3 3 \ 


2n-l 
2p-l 


2n-l 
2(n-p-l) 


\2n-l ' 4(2n-l) / 
/ P-l Al+1 \ 


\ 2n-l ' 2n-l/ 
n—p—1 


2n-l 


2n-l 


V2n-1 ' 4(2n-l) / 


2(2n-l) 


A.12 
A.15 
A.16 


B02n S02p © S02(„_p) S02i © S02(p_;) © S02s © S02(„_p_3) 

S021 © S02(p_i) © lln-p 


P-1 

n-1 

p-1 
n-1 
p-1 
n-1 


n — p—1 
n-1 

n—p—1 
n-1 

n—p—1 
n-1 


( P^'- ' ) 
V2{n-1) ' 2(n-l) / 

p-1 

4(n-l) 

/ p-l I \ 

V2(n-1) ' 2(n-l)'' 


f n—p—s A \ 
V2(n-1) ' 2{n-l) ) 

n—p—1 

4(n-l) 

n—p—1 

4(n-l) 


A.20 
A.23 
A.24 


Spn Spp © Sp„-p Sp( © Spp_( © Sps © Spn-p-s 

Spl © Spp-( © Un-p 


P+1 
n + 1 

P+1 
n+1 

P+1 
n+1 


n— p+1 
n+1 

n — p+1 
n+1 

n— p+1 
n+1 


/ p-l I \ 
V4(n+1) ' 4(n+l) / 
p+1 
4{n + l) 
(p-l I \ 
V4(n+1) ' i{n+l)' 


f n—p—s 3 \ 
V4{n+1) ' 4(n+l)^ 

n— p+1 

4(n+l) 

n— p+1 

4(n+l) 
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Table 8. Einstein Bisymmetric triples of type I - Exceptional spaces 





4-sym. 


X 


f4 Bps © SU2 Sp3 © M 


yes 


1 A (a) 
2' ^ 


U SOs 

fi07 ©M 


no 
yes 


1 2(c) 

9±V8 (a) 
14 


02 SU2 © SU2 K © SU2 
SU2 ©IR 


yes 
yes 


1 3 

2 ' 2 

6±<y22 
2 


ee soioeR S08©IR©1R 


yes 


1 1(c) 


E6 SUg © SU2 R © SU5 © SU2 

sue ©R 


yes 
yes 


1 3 (a) 

2 ' 2 

1 11 (a) 

2 ' 2 


C7 S0l2 © SU2 S012 © R 

R © fiOlO © SU2 

S04 © SOs © eu2 


yes 
no 
no 


17 1 
2 ' 2 
1 13 
2' 10 

1 4(c) 


67 SU8 SU7 © R 


no 


1 7 

2 ' 4 


es 67 © SU2 67 © R 


no 


1 29 (a) 

2 ' 2 


C8 5011; 502,, ''^ sou; ■>,' 




l->±V7p--r>fip+113 (5) 

14 



See Theorem 1.2. Compare with Table 4. 

(") Metrics also obtained by Dickinson and Kerr in [7]. 

idem for p = 1,3. For p = 4, one of the metrics is the standard metric obtained by Wang and 
Zillcr in [20]. 

The standard metric was obtained by Wang and Ziller in [20]. 



Table 9. Einstein Bisymmetric triples of type I - Classical spaces 



e [ 


4-sym. 


X 




S02p © S02(n-p) 


sOp © sOp © S02{n-p)i peven 


no 


n-l±^p^ -(2n + l)p+n^ + 1 
2(p-l) 






Up © S02(n_p) 


yes 


In I (a) 
2 ' p-1 2 


fi02n+l 


S02p+1 © S02(„_p) 


S''2p+i © so„_p © so„_p, n — petjen 


yes 


2ri-l±i/4p2+8p-4n+5 
4(n — p— 1) 






S02p+1 © Un-p 


no 


1 n+P (a) 
2' 2(n-p-l) 


epn 


Sp2l © SPn-2i 


Spl © Spi © Sp„-2i 


no 


n+l±-v/6'^ + (3-4n)!+n2 + l 
2(2!+l) 






U,. 5p.. 




1 1 , n-p (n) 
2-2 ,H 1 




SU2i © fitl„-2i © K 


SU; © SUj © R © SU„-2l © K 


no 


In 1 
2' 2i 2 



See Theorem 1.2. Compare with Table 5. 

Metrics also obtained by Dickinson and Kerr in [7]. 
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Table 10. Bisymmetric triples of type II with Einstein metric 
such that qf is also Einstein 

qm binormal 






I 




[ 




4-sym. 


X 










B SU; © ©SU; © SU; © 


no 


1 (a) 




eoil e 




S02i 


© S021 © S02i © S021 


yes 


1 (a) 
^' 21-1 


BOsl 






S021 


© S02i © U2i 


no 


4l-l±V2l 
2(21-1) 


SOU 


S021 e 




Ui e 


Ul,l>2 


no 


2I-l±V2i-l 
2(!-l) 


BPU 








D fipi © fipi © Spl 


no 


4(+l±\/4i2+2;+l 
2(2i+l) 




Sp2l i 






D fipi © U2i 


no 


4i+l±-y((2i-l) 
2(2i+l) 



5m non-binormal 



e [ 


4-sym. 


Xi 


X2 


SU2(i+s) SU21 © SU2s © K SU; © SUj © SUs © SU3 © 


yes 


l + s 
21 


l + s 
2a 



Sec Theorems 1.3 and 1.4. Compare with Tables 6 and 7. 

The standard metric was obtained by Wang and Ziller in [20]. 



Table 1 1 . All other Einstein adapted metrics for the bisymmetric 
triples of Type II which admit an EAM qm such that is Einstein 



e I 


4-sym. 


Xi 


X2 


sou 


S02! i 


B S02! 




)Uj, « = 2,.. 


.,6 


no 


2i(i-l)±Y'(-i^+7;3-5!2+!)/2 


i 1 


2(i-l)(3!-l) 


2(i-l) • Xi 


S08 


S04 S 


) S04 


M© 


M© U2 




no 


4±\/6 


1 

Xi 


Sp4i 


Sp2i i 


BSP2! 


Spi 


9 Spj © 0P! ( 


B spu I > 1 


no 


4i+l±Vl4i^+7;+4 
5(2i+l) 


I 1 

2;+i ■ Xi 


Sp4i 


Sp2i S 


BSp2i 


spi 


©Sp( ©U2i, / > 3 


no 


2{4I+l)±\/4I^-8!-l 
6(2i+l) 


I 1 

2i+l -Xi 



See Theorem 1.6. Compare with Tables 6, 7 and 10. 



31 

Table 12. Einstein bisymmetric fibrations of Type II with g exceptional 



e [ 


4-sym. 


Xi 


X2 


02 SU2 © SU2 K © M 


no 


0.5526 
0.7432 


3.6958 
4.7185 


£6 sue © SU2 SU5 © K © R 


yes 


1.5838 
0.3702 
0.5345 
1.0499 


5.2195 
4.6215 
0.6682 
0.6338 


S012 © SU2 IR © solo © K 


yes 


0.3086 
0.4686 
0.9326 
1.4616 


7.4890 
0.6737 
0.6496 
8.1878 


£7 S0l2 ffi SU2 S04 © S08 © K 


no 


0.3143 
1.4375 


7.3931 
8.0839 


e? soi2 © SU2 S06 © soe © IR 


yes 


0.3163 
1.4292 


7.3606 
8.0485 



See Theorem 1.5. Compare with Table 6. 
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